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EXPERIMENTAL INVESTIGATION OF THE ~MOMENTULM METHOD FOR
DETERMINING PROFILE DRAG

By HnzY J. GOETT

SUMMARY

An experimentalinvestigationha8 been conductedin the
full-scale tunnel to determinethe accuracy oj the Jone8 and
the Betz equationsfor computing projle dragfrom total-
and static-pressure surceys in the wile q! un-rtgs. SuT-
ceys were made behind 6- by 36~oot airjods of the N. A.
C. A. 0009,0012, and 0018 sediana at zero li> and behind
theN. A. C. .4. 0012 airjoil at positire li~8. 2Ttesurrey8
were made at mrioua 8panwi8eposition8 and at di8tance8
behind the ai(ftil rangingjrom 0.06c to 3.00c.

The reduction oj th-ete8t data by either the Jone8 or the
Betz equation gare pro$ledrag coefficientsagreeing m-thin
i? percent with those obtained by force tests at zero lijl.
The cariation oj the projle drag determined at stations
from 0.0i5cto 3.00c behindthe trailing edge was small and
the error resultingjrom theinduced$eld of a hfiing airfoil
did not exceed fi.6 percent at a C= of 1.0 and a spanwise
station of 0.78 b/2?.

INTRODUCTION

The use of the momentum method for the determina-
tion of profiIe dmg has recently increased, owing mainly
to the equations developed by Retz (reference 1) and
by Jon= (reference 2) by which the method has been
made applicable in the region of increased static pres-
sure close behind a body. The derivation of these
equations, which are based on the original principIe
stated by Froude in 1874, requires certain assumptions.
The errors introduced by these assumptions have been
the subject of theoretical anaIyses (references 2 and 3),
which have set an upper limit for the errors involved
but fail to define their actuaI vahe.

The investigation reported herein -wasoonducted to
determine experimentally the magnitude of these errors
by determiningg the effect of a number of -rariabIesupon
the measured d~m. (See reference 4.) The necessary
wake surveys were made in the hT.A C. A full-scale
wind tunnel behind symmetrical airfoils of three thick-
ness ratios. The effect of distance behind t-heairfoik
was first investigated by a comparison of drag determ-
inations made at locations ranging from 0.05c to
3.00c behind the trailing edge. A check was then
obtained on the accuracy of the method by a comparison

with force-tast drag measurements at zero lift. Fin-
aIIy, the effect of the induced-flow system of a lifting
wing was investigated.

SYMBOLS

The symbols used in the report are defined as follows:
HO,free-stream total pressure.

H,, %7,,H,, total pressures in field of airfoil.
(See fig. 4.)

po, free-stream static pressure.
. .

l% P2,pa, static pressures in field of airfoil.
go, free-stream dynamic prezsure, 1/2PU$.

L70,free-stream velocity.
Ul, i27z,i7a,local velocity in field of airfoil.

U,’, hypothetical velocity in -wake (Betz
equation).

y, vertical coordinate of point.
c, airfoil chord.

dS, dS,, dS2,d&, elemental areas.
P, density.
6, airfoil span.
r, velocity along the Y axis.
w, velocity aIong the Z axis.

DO,airfoil protie drag.
CDO,airfoil profile-drag coe.flicient.
c~O,section profiIe-drag coefficient.
C!, airfoil M coefficient.
cl, section lift coefficient.

EXPERIMENTAL INVESTIGATION

APPARATUS

The rzxperimentalwork was conducted in the h?. A.
C. A. full-scale wind tunneI (reference 5). This tunnel
has a turbulence factor of 1.1 m determined by sphere
tests (referenc~ 6). A typical static-pressure gradient
along the a.xia of the tunneI (jet empty) is shown in
figure 1. This gradient was allowed for in determining
the free-stream reference pressure for the momentum
measurements. The buoyancy effect of the gradient
is small

Three 6- by 36-foot rectangular airfoik having
N. A. C. A. 0009, 0012, and 0018 sections were used in
these tests. The airfoils, which were covered with
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fis-inch ahuninum sheets, had all the screw heads fled
and the surface painted, sanded, and. pcdished to a
glossy waxlike finish to. insura~erodynamic smooth-
ness. The airfoil tips were rounded, each tip forming
one-half of a solid of revolution with the radius at each
chordwise station equal. to one-half the local airfoil
thicknsss. Figure 2 shows one of the airfoik mounted
in the tunnel jet.
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FrmmIE1.—TYPIG4strAIc-prwuregmdknt along @t swtion of frdkmle wind
tunnel (let emptr).

The rack used for the total- and the static-pressure
surveys consisted of a comb of 3.9 total-pressure tubes
and one of 13 static-pressure tubes. These cmnbs
were spaced 6 inches laterally and the entire assembly
was mounted on the survey carriage. The detailed
spacing and the dimensions of the tubes .on both combs
are shown in figure 3. Each tube was.connected to .a
multiple-tube, photographic-recording manometer car-
ried in the survey carriage.

FmunE2.–The & by M-footN. A.C.A. IXU2drfoll mounted.trrthehll+.mle‘ivInd
tunnel.

METHOD

A survey was first made with the total-and the E+tatic-
pressure combs .at each station of measurement with
the jet empty. This survey established the tota.l-
prewmre and the static-pressure gradienta in the
tunnel at the points of measurement. Pitch-angle
surveys were next made behind the airfofis to establish
the average downwash angle across the field of measurem-
ent, TotaI-pressure and static-pressurereadings were
then taken in the wake region with the rack perpendicu-
lar to the average downwash d~ection at each station.

This p!gwdwe.keyt. the effect of flow gngu@ity on the
measm%rnents at a minimum, since the Iocal angle
across the rack varied no more than +3° from the
average:. The effect -of periodic pressure fluctuations
in the tunnel jet was eliminated by the instantaneous
readingi taken on the photographic manometer.

.... SCOPE OF TESTS

Pressiwe and drag measurements wero made at loca-
tions and under conditions as follows:

1. T{tal- and static-pr~ure surveys were made at
zero lifttbehind the three airfoiIs at 27 spanwise loca-

~“;:ltl)le~

manometer A

It
1.—1

“-f/g=
+-g

GwRb of total- CGmb of dofic -
~ +u~ presswe )wes

FIGURE3.—Combsof totnl-trndstatie%uw.rretrrbm

tions, 0.15c behind the trafig edge. .At tl~eO.OGb/2
station, surveys were obtained at longitudinal stations
varying from O.05c to 3.00c behind the trading edge.
Force tests were made to furnish comparative drag
data.

Z. Tottd- and static-pressure surveys wem obtained
behind the N. A. C. A. 0012 airfoil at lift coefficients of
O, 0.28, 0.47, 0.65, 0.83, and 1.13 at six spanwise loca-
tions, O.15c and 0.30c behind the trailing edge. Foroe
tests were made to furnish compmative drag data.

AU tests were run at an air speed of 90 milesper hour,
giving a test Reynolds Number of 5,000,000.

THEORY

The profile drag of a body can be determined from
the loss of momentum per unit time tit it imposes upon
the free stream. If a region exists behind the body
where the static pressure lms returned to that of the
free stream (fig. 4 (c)), the profile drag of a nonlifting
body will be given by the expression

Di=pJ~Ju*(uo– Us)ds (1)

where @ indicates that the integration is oonfincd to
the wake region. For practical reasons, it is desirable
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in most cases to make the survey in the region close
behind the airfoil where p is in excess of p, (@.4 (b)).
In this region the drag will be equal to

DO=ff (pl+pU?)dS,– ff (p,+pU;)dS, (2)

where both integrations are carried to intiuity.
Since it is impossible to survey to M.nity as required

by equation (2), thisequation must be transformed into
one involv+ng only quantities in the wake region. This
transformation has been made by Betz (reference 1)
and by Jones (reference 2).

‘(d’ ‘ M (c)

FIGUEE4.-Diegram of drfofl andWT&e,

Betz builds up a hypothetical flow by means of a
system of sourcw of such strength that the total
pressure in the wake of the body is restored to the
value it would have in potential flow. (See fig. 4,
Ii,=HO, UZ= UZ’.) This system has a resultant
thrust equal to the thrust of the sources. It Mere
from the real system ordy in the region of the wake so
that the difference in thrust between the two systems
is equal to the difference in momentum per unit time
passing through the wake region of each. It then _____
follows that
Drag of real system= (Difference in thrust between

hypothetical and real systems) – (Thrust of hype-
thetical system)

Thus, the integration over the region estermd to the
wake is eliminated and the e~resaion for profile
reduces to

DO= rw [(Ho–H,)dS

~J c1

Ih terms of tatal and static pressures to be

drag “-

(3)

dd

++ (n’(h’- U,)(U,’+U,–2-UJCM

measured,
the section profle-drag coefEcient becomes

s

The last step iuvolvm the assumption that, for a Ming
airfoiI,

H,=;pU;+p, (5)
instead of

H,=;p(Ui%az+wg?+pz (6)

Jones (reference 2) assure= a hypothetical flow in
the wake in which there is no energy interchange
between tubes of flow in the wake behind the point of
measurement and consequently that Bernoulli’s equa-
tion may be applied to these tubes of flow. On the
basis of such an assumption, the total and the static
pressures measured close behind a body in a region of
increased static pressure give sticient data to obtain
the corresponding velocity loss (and therefore mo-
mentum defect) at a point where the static pressure
has reached the free-stream value. Thus on a non-
Iifting airfoil,

Do=pfw~U,(UO– U,)dS 0’)

and (on the foregoing assumption)

EL–po=$zr.. (8)
Then

—. .
n,=2J”J4H,–p,(4Ho–po– 4H2–pJa (9)

(4) -

Reduced to coefEcient form, equation (9) becomes

which Jones also applies to a lifting airfoil.
The effect of the assumptions made in the derivation

of the Betz and the Jones equations has received con- .-
siderable study. The errors irmolved in the method of
Betz are difEcult to estimate and the vaIidity of t.be
derivation is dii%cult to establish.

Taylor (reference 3) has shovm that the neglect in
the Jones m’ethod of the internal tangential stresms
(%ixing”) which occur in the wake downstream of the
measured section is theoretically unsound. From the
examination of a number of typical profiles, Taylor has
shown that the error does not exceed 1.5 percent but he
also shows that much hmger errors are possible.

The induced field of a finite Iifting wing may cause
errors in the methods. First, the assumption made in
equation (5), that the ZIand the w components may be
neglected, will be a source of error. Second, there is
the possibility that the vortices in the wake region may
damp out causing a 10SSof total pressure, which appears
erroneously as profile drag. h analysis of this possi-
bility, based on certain typical wake profdes, has been
made by Jones in reference z and the maximum value of
the error due to this possible pressure loss has been esti-
mated.
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In addition to the foregoing errors, inaccuracies will
possibly arise from incorrect readings of static and
total pressures caused by turbulence and stream angu-
larities behind the airfoil.

RESULTS AND DISCUSSION

COMPUTATION OF RESULTS

In the computation of res~ts, the values of M and
PZacrosa the wake profile were determined from faired
curves of iwtal and static pressures, to which a correc-
tion ivss applied to allow for the vertical gradients
existing in the tunnel. The values of HOand p~ were
determined from readings take-gwell outside the wake
with a correction applied to obtain the vahws of these
quantities at the position of the airfoil. These values
were then substituted in equations (4) and (10) and the
results were plotted against the vertical position in the
wake. The resulting curve was integrated, the sum-
mation being the section profibdrag coefficient at the
station of measurement. An additional correction was
applied for displacement of the effective center of the
total-pressure tubes in a veIocity gradient.

EFFECT OF DISTANCE BEHIkil THE AIRFOIL

The variation in measured drag with distance behind
the airfoil is shown in figure 5 for the three airfoils at a

c1 of 0.05 and for. the N. A. C. A. 0012 at values of
c1of 0.78 and 1.32. Each point is the average of results
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FIGURE 5,—Varfntionof measured dregwithdhtrmcebehfndtheairfoil.

from two or more surveys. The curves show that

the greatest difference in drag, as measured at the fore-

most and the rearmost positions, is approximately a

percent. This difference is within the experimenttil
scatter of the measurements, estimated to vary from
+ 1 percent at the 0.15c station to +3 percent at the
3,00c station (where the wake “profilesare shallow and

wide). It is therefore concluded that the measured
drag, as evaluated by either the Jones or the Bet.z
method, is unaffected by distance behind the airfoil
within the accuracy of the rneawrernent.s.

Figure 5 also indicates that there is no significant
difference between the drag as determined by the Betz
md the Jones equations. The maximum spread
between the two methods is less than 1 percent. Al]
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FIGCRE6.—RaIlte of @ dehxmi~tlons obtakl by themomentummethodbg

MuttraY,KramerandDoe@h, andJouee.

fu~therdrag determinations were therefore made by the
Jones equation because of the grenter simplicity of the
necess~ computations.

The ~esuIteof other similar investigations (references
2, 7, and 8) are shown in figure 0. From these results,

.kfuttray concluded (reference 7) that sufficient data

had noi~et been obtained to warrant the conclusion

that tl~e measured cLrfig was independent of the distance

behind, the airfoil. The present in\7eetigat.ion is con-

eidered,%owever, to have furnislwd suflkient dat rt to

suppor~m, this conclusion, .—

EFFECT”OF TURBULENCE ON STATIC-PRESSURE MEASUREMENTS
:=.

In ri[ation to the possible effect of turbtdencc on
the measurement of static pressure in the wnko, n
comparison of rmiastied static pressureswith computed
static pressures behind the N. A, C. A. 0012 aud 0018
airfoils at zero lift is shown in figure 7. Tho pressures
behind the airfoik at zero lift were computed for the
case of;deal flow about the airfoils and for flow with
a boundiwy layer and a wake by means of a sourco-sink
distribution to represent the airfoil and the wake,

COMPARISON OF MOMENTUM- AND FORCE-TFST RESULTS

The accuracy of the momentum method is indicated

from a direct comparison with force-test results, The

drag cc@@ients obtained from moInentum surveys at

27 spanwise locations at O.15c behind the threo airfoils

at zero lift are plotted in figure 8. These curves, wl~en

integrated across the span, give an over-all CnO for
each airfoil. The drag coefficients obtained in this
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TABLE I

COMPARISON OF PROFILEkDRAG COEFFICIENTS AT
ZERO LIFT OBTAINED FROM MOMENTUM AND
FORCE TESTS
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cient against section lift coefficient obtained under tho
various conditions of induced flow that exist between
the center Iine and the tip of a finite airfoil at positive
lifts. Such curves are given in figure 9 for six spanwise
locations from 0.06 to 0.90 f)/2. The section lift coef- . .
ficients were computed on the basis of a ~iftdistribution
given by Glauert (reference 9), which was found to check
well with pressuredistribution tests. These cprves,
having been slightly shifted in order to make them --”
agree at zero lift, are superimposed in figure 10. It . _
will be noted that, out to 0.78 b/2 and u~ to a c, of 1.0.

atzmo lift.

manner are compared with those measured by force
tests in table I. The maximum difference is less than
2 percent, indicating the order of accuracy of the
momentum method. A similar comparison cannot be
made at positive lifts because it is impossible ta obtain
results from the momentum method in the region of
the airfoil tips owing to the intensity of the vortices.

ZFFECT OF INDUCED FLOW

The total effect of the errore caused by the induced-
flow field of a lifting airfoil may be determined from a
comparison of the curves of section profile-drag coefi-

the ma~um dispersion is + 2;5 percent fiorn

the 0.06 b[2 curve. This variation compares

with a difference of a.pproxhnateIy 7 percent

that is indicated by Jones’ analysis, which is

based on the assumption of complete damping

out of the vort.ic~ (reference 2). Inasmuch

as part of the dispersion in figure 10 is due

to experimental scatter, the +2.5 percent is

considered a conservative estimate of the

effect of the induced field upon the measure-

ments. At the 0.90 b/2 station, the disttirted

curve indicates that, above a section lift co-

efficient of zero, the air-stream angularities

become such as to make the measurements

unreliable.

COMPARISON OF MOMENTUM- AF4D FoECE-TEST
IU?SIJLTS AT POSITIVE IJFTS

A direct comparison between drag results
obtained from momentum and force tests of
a lifting airfoil is impossible because of the
failure of the momentum method near the
tip as vrelI as the inclusion of induced drag
in the force-test measurements. If the in-
duced drag is deducted horn the force-test ““”
drag, however, the two methods should give
results differing onIy by the drag contributed
by the tips. Such a comparison has been
made in @ures 11 and 12. A plot of proii.le
drag (determined by the momentum method)
against span-wise position is given in iigure
11; the curves were extrapolated in the tip
region and no allowance was made for an in-
creasein drag at the tips. Integration of these
curves across the smm fives the averwze pro-

file-drag coefficient Onfi, which ha; been plotted ~&et
0. in @ure 12. The r&dt is compared with the profile-
drag coefficient determined from force tests in the usual
manner (i. e., by deducting the computed induced drag).
A curve of section characteristics obtained by the
momentum method (0.06 b/2 curve from fig. 10) ie also
given h show the comparison with the average proiile
drag aoross the span.

An appreciable spread will be noted between the
momentum- and the force-test results; the difference
varies from 1 peicent at zero lift to 22 percent nt a
CL of ] .0. A number of causes other than tip effects
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may contribute to this difference, inchding possiblo
errors in the momentum method and uncertaintiw in
computed induced drag and in the severed corrections
applied to the force-test results.

CONCLUSIONS

The results presented herein lead to the foUow@
conclusions with regard to the determination of profle
drag by the momentum method and the application of
the Betz and the Jones equations under the conditions
of the present investigation:

1. The drag determined by the momentum method
did not vary appreciably with distance behind the air-
foil between stations ranging from O.O5c to 3.ooc
behind the trailing edge.

2. At zero lift, the drag determined by the mo-
mentum method agreed with that measured by force
tests tit.hin 2 percent.

3. Inboard of 78 percent of the semispan, the effects
of the induced-flow system of a lifting wing did not
cause errors exceeding 2.5 percent at a cz of 1.0.

4. The Betz and the Jones equations ga~e results
that agree within 0.5 percent at stations ranging from
0.05c to 3.00c back of the trailing edge.

5. For measurements made no farther than 3.ooc
behind the t,rafig edge, the experimental scatter
varied from 1 percent at zero lift to 3 percent at a
cl of 1.0.

LANGLEY NIEMORIAL AEEONAUTIOAL LABORATORY,

INATIONAL ADVISORY COMI~EE FOR AERONAUTICS,

LANGLEY FIELD, YA., December 20, 193’8.
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